Abstract. We develop and analyze a general procedure for computing selfadjoint parabolic problems backwards in time, given an a priori bound on the solutions. The method is applicable to mixed problems with variable coefficients which may depend on time. We obtain error bounds which are naturally related to certain convexity inequalities in parabolic equations. In the time-dependent case, our difference scheme discerns three classes of problems. In the most severe case, we recover a convexity result of Agmon and Nirenberg. We illustrate the method with a numerical experiment. From the viewpoint of numerical analysis, this ill-posedness manifests itself in the most serious way. We have discontinuous dependence on the data. Consequently [24, p. 59], every finite-difference scheme consistent with such a problem, and which is implemented as a marching process, is necessarily unstable. On the other hand, as was observed by John in [12] and Pucci in [23], continuous dependence can often be restored by requiring the solutions to satisfy a suitable constraint. Typically, one asks for nonnegative solutions or for solutions which satisfy an a priori bound, obtainable from physical considerations. The problem then is one of incorporating the
Introduction.
Beginning with Hadamard, who drew attention to such problems, many analysts have been attracted to the study of improperly posed problems in mathematical physics. A recent survey by Payne in [22] lists over fifty references. Further references are to be found in [15] , [16] , [14] , [3] , [10] , and [1]. The two best known examples of ill-posed problems are the Cauchy problem for Laplace's equation and the Cauchy problem for the backward heat equation. Some remarks concerning practical interest in such questions can be found in [7, p. 231] , [15] , [27] and [28] .
From the viewpoint of numerical analysis, this ill-posedness manifests itself in the most serious way. We have discontinuous dependence on the data. Consequently [24, p. 59], every finite-difference scheme consistent with such a problem, and which is implemented as a marching process, is necessarily unstable. On the other hand, as was observed by John in [12] and Pucci in [23] , continuous dependence can often be restored by requiring the solutions to satisfy a suitable constraint. Typically, one asks for nonnegative solutions or for solutions which satisfy an a priori bound, obtainable from physical considerations. The problem then is one of incorporating the constraint in the algorithm used for computing the solutions. One such successful method is the linear programming technique developed by Douglas in [9] and [10] . See also [4] . Computational experiments, using this method for the backward heat equation, have been described by Cannon in [3] . While quite good results are obtained in [3] , it is not clear how one would extend this method to more general parabolic mixed problems with time-dependent coefficients. In the above papers, essential use is made of the integral representation of the solutions in terms of the Green's function, and explicit knowledge of the latter seems to be necessary in order to perform the computations described in [3] . Another method is proposed by Douglas in [10] and Miller in [21] , for problems where the solutions can be obtained by separation of variables. This method is based on expanding the given data in a truncated Fourier series, and requires knowledge of the eigenfunctions of the spatial operator.
In the domain of "general" linear parabolic problems, an interesting idea is discussed by Lattes and Lions in their recent book [14] along with several numerical experiments. This is the so-called "quasi-reversibility" or Q.R. method. Applied to the backward heat equation, this method consists in singularly perturbing the spatial operator by the addition of a higher-order term. The sign of the extra term is chosen so that the perturbed problem is well posed in the direction of decreasing time.
Integrating backwards from the terminal data u(x, T), one obtains an "initial-function" ut(x, 0). This function does not converge as e -> 0, as pointed out by the authors. It is one of infinitely many possible "initial functions". However, if it is used as initial data in the unperturbed forward problem, the corresponding solution vf(x, t) has the property that, at time T, v,(x, T) -* u(x, T) as e -> 0. Again, vt(x, t) does not converge if t < T. As the authors make clear, their aim is to solve a "control problem" associated with parabolic equations rather than approximate the solutions of the backward problem.
In this paper, we develop a finite-difference scheme for computing the solutions of linear selfadjoint parabolic problems backwards in time, given an a priori bound M on the solutions, and given the terminal data to a known accuracy 5 in the L2 norm. We make no hypotheses regarding the "power spectrum" of either the terminal data or its error component. (See [28] , [29] .) Moreover, explicit knowledge of the analytic solution operator is not required. The scheme is applicable to problems with variable coefficients depending on time and is implemented as a "jury" procedure rather than a time-marching method. It is based on the "backward beam equation" previously discussed in [5] and [6] . In the case of the continuous backward problem, the uncertainty in any of its solutions can be bounded in terms M and 8, using certain convexity results. See for example [25] and [11, p. 182] . The error bounds in our difference scheme differ from this fundamental uncertainty only by the contribution due to truncation. The time-dependent case turns out to be rather interesting in this connection.
In Section 2, we develop some preliminary results associated with the backward beam equation. In Section 3, the connection between parabolic problems and the backward beam equation is explained. There, we write down the difference scheme as it applies to second-order parabolic problems in rectangular regions, in two space dimensions, with Dirichlet boundary conditions. More complicated problems can also be treated. For expository reasons, the discussion in Section 3 is not specifically oriented towards the backward problem. The latter is considered in Section 4, where the previous results are tied together. Section 4 contains the main results of the paper. Finally, in Section 5, we describe the results of a computational experiment on a one-dimensional problem whose exact solution is known. More extensive calculations on two-dimensional problems, together with a discussion of methods for solving the difference equations, will appear in a later report.
Because this paper is rather long, we offer the following guide to the reader. It is probably best to first skim through Section 2, and then proceed to Section 3. The main result of Section 2 is motivated in the remark following Theorem 1. Since most of the machinery is developed in the previous sections, the exposition in Section 4 is unhindered. Thus, Section 4 is the easiest one to read.
While this work was in progress, we had the pleasure of the advice and encouragement of many people. We particularly wish to thank R. Hersh, P. D. Lax, S. V. Parter, R. D. Richtmyer and Joel Spruck.
The Abstract Backward Beam Equation.
In this section, we develop some preliminary results relating to an abstract situation, namely, a two-point problem for an ordinary differential equation in Hilbert space. The main result of this section, Theorem 1 below, will play a major role in Sections 3 and 4.
Let H be a separable Hilbert space with scalar product ( •, • ) and corresponding norm || ■ ||H. For each t in the finite interval [0, T], let A(t) be an unbounded linear operator, which is closed and with domain DA(t) dense in H. In general, the domain of A(f) will vary with t. We assume A(t) to have the following property.
There exists a real number ß independent of t such that [A(t) + X]" ' exists and is a bounded operator on H whenever Re X > ß. Furthermore,
In the terminology of [13, p. 279], this means that, for each t, A(t) + ß is "maccretive." Hence, in particular,
Consider now the problem
where fx and f2 are given vectors in H, u(t) and g(t) are //"-valued functions on [0, T], and g(t) represents a forcing term. The above system was studied by one of us in [5] and applied to parabolic problems in [6] . In the above papers, it was assumed that
rather than (2.2). Leaving aside the question of existence of solutions in (2.3), we have Lemma 1. Let ir2/T2 > ß. Then, there is at most one twice continuously differentiable solution of (2.3), (2.4).
Proof. Let u and v be any two solutions. Put w = u -v. Then, (2.6) w" -A(t)w = 0, 0 < / < T, Here, At = T/(N + 1) is a small increment in the /-variable, A" denotes ^(zzAz), and, for each zz, p" is an element of //"which presumably will approximate zz(zzA/ Since H is separable, so is HN. We will also use N X N matrices whose entries are linear operators in H. and Q is the N X N tridiagonal matrix
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
Note that in order for V to be a solution of (2.16), it is necessary that the jth component of V belong to DAijAt) for each j = 1, • • ■ , N. Concerning the existence of solutions of (2.16) and the "stability" of this difference approximation, we have Theorem 1. Let the family {A(t){ satisfy (2.1) with ß > 0 and let T satisfy Then, for all sufficiently small At, there is a unique solution of (2.16) for arbitrary F, G E HN. Moreover, the following estimate holds:
as At I 0, where e > 0 is sufficiently small such that (1 -e)zr2 -ßT2 > 0. Remark. It is sufficient to prove (2.21). The case ß < 0 can be handled with minor modifications in the proof, such as replacing Cos 8 by Cosh 8, etc. The resulting hyperbolic sines imply an exponential decay of the data fx and f2. This was used in [6] to construct an ¿-stable scheme. The estimate (2.22) follows from (2.21) on using L'Hospital's rule. It was obtained in [5] without the use of Chebyshev polynomials. The present discussion unifies and extends previous results. All of these results are quite plausible. Assume for simplicity that g{t) = 0 in (2.3) and that Ait) = A is independent of / and is selfadjoint with a discrete spectrum. Let the eigenvalues of A satisfy
Expanding in the eigenvectors of A, one can construct the exact solution of (2.3), (2.4) . This yields the analog of (2.21), (2.22) for the continuous problem. The reader who is convinced by this argument may proceed directly to Section 3 without fear of losing continuity.
To prove Theorem 1, we will show that Q'XAt) exists and is a bounded operator on all of HN. As in [5] and [6] , this can be done via the technique of "block Gaussian elimination" applied to the tridiagonal matrix Q. We will need the following lemmas. Hence, in view of (2.31), the lemma follows by induction. Lemma 5. Let Q be the matrix in (2.19) . In terms of 8 = Arc Cos x, we have, from Lemma 2, (2.42) IKIU Ú Ss"nÇ*r ll/2,U + °(At) lM"-
The estimate for the contribution Q~1F2 follows by symmetry.
We are now ready to prove Theorem 1. Proof of Theorem 1. By Lemma 5, Q'1 exists and is defined on all of HN. Since each ¿"is closed, g1 is closed. Hence, g_1 is bounded on using the closed graph theorem. We proceed to derive the inequality (2.21). Let M be the tridiagonal matrix given by
Using the method of Lemma 6 in [5] , one easily shows that, given any e > 0, there exists At sufficiently small so that n-l Hence, using (2.2) and (2.44),
Choosing « small enough such that (1 -t)v2/T2 > ß, we get, from (2.46), (2.47) H0_,|U* =
T2
(1 -e)zr2 -ßT2
Next, let QV = F -G with F, G defined in (2.17), (2.18), and put To elucidate the connection between parabolic problems and the two-point problem of Section 2, consider the following simple example. Let R be the strip {(x, t) | 0 ^ x ^ 1, / ^ 0} in the (x, /)-plane and consider the mixed problem for the one-dimensional heat equation
where fx(x) is such that the unique solution of (3.1)-(3.3) has sufficiently many derivatives, bounded on R. If we differentiate (3.1) with respect to time, we get
Since u is zero on the lateral sides of the strip R, it follows from (3.1) that uxz is also zero there. Suppose that one knows the exact solution of (3.1)-(3.3) at some positive time T. Let u(x, T) = f2(x). Then, the unique solution of (3.1)-(3.3) satisfies the following auxiliary system: .5) with the boundary conditions (3.6). Thus, A is a positive selfadjoint operator in L2; it is exactly the square of the operator defined by the spatial part of (3.1) with the boundary conditions (3.2). Hence, in this case,
One may use the energy inequality of Lemma 1, with ß = 0, to prove uniqueness in (3.5)-(3.8). Consequently, the solution of (3.1)-(3.3) can be obtained by solving instead the system (3.5)-(3.8). We call (3. What is well posed is the "initial-terminal" problem (3.10). This is easily seen by separation of variables which leads to the estimate
Recall that f2 in (3.8) is the exact solution of the heat conduction problem at time T. Hence, f2 is necessarily an analytic function. Imagine now solving (3.5)-(3.8) with f2 replaced by j2, a function close to f2 in the L2 norm, but not necessarily analytic. In that case, the corresponding solution of the backward beam equation cannot in general be a solution of the heat conduction problem. However, because of (3.12), this solution is close in the L2 norm to the solution of the heat equation determined by fi(x).
One can relate more general linear parabolic problems to the two-point problem of Section 2. Consider a parabolic equation, in some bounded domain 0 in R", Here, P0(/) is a uniformly elliptic operator in the space variables with coefficients depending smoothly on x and /. Let P0(t) be the differential operator obtained from PQ(t) by differentiating the coefficients with respect to /. We then have that any smooth solution of (3.13) satisfies However, since P\ is of higher order than P0, one must find extra boundary conditions, also satisfied by a smooth solution of (3.13), in order to obtain this solution uniquely from (3.15) . Suppose that the boundary conditions (3.16) are independent of /. Then we may differentiate both sides of (3.16) with respect to / to obtain (3.17) B[ut] = 0 on dû.
Using (3.13), this leads to the auxiliary problem
In [6, Section 3] , an analysis is carried out on the auxiliary problem (3.18), (3.19) generated by a class of selfadjoint problems which are F-parabolic in the sense of Lions [14] , [19] . The elliptic operator P0(/) in (3.13) together with the boundary conditions (3.14) are assumed defined via a symmetric bilinear form 
where, for each t, P(t) is the positive selfadjoint operator in L2(û) defined by the strongly coercive bilinear form (3.20) . Let the domain of P(t) in L2(û) be independent of t, and let u(t) be a sufficiently smooth solution of (3.21). Tzzezz u(t) also satisfies the equation
where A(t) is the unbounded operator in L2(û), defined by the right-hand side o/(3.18) and the boundary conditions (3.19). Moreover, there exists a constant ß 2: 0 and independent of t, such that A(t) + ß is an m-accretive operator in L2(û). Remark. In fact, A(t) is selfadjoint in Theorem 2; the need for an additive constant ß to render A(t) accretive is due to the extra term P0(t) which may spoil the positivity of P2. This extra term is absent in the time independent case. Note that the domain of A(t) may vary with / even though P(t) is assumed to have fixed domain.
See [6, Section 3] .
Consider now the question of approximating the solution of (3.21) by considering instead (3.22) . By assumption, u is sufficiently smooth so that Lemma 1 applies. Suppose T is such that ßl/2T < ir and let f2(x) be the exact solution of (3.21) at time T. The difference scheme (2.10), (2.11) now provides a stable "method of lines" where only the time variable is discretized while the space variables remain continuous. In an actual calculation, the spatial operator must also be approximated. In order to maintain the stability inequalities for the fully-discrete scheme, we see from Theorem 1 that it is sufficient to do the space discretization in such a way that the discrete analog of (2.2) remains valid, uniformly in the spatial mesh size Ax as Ax -> 0. In the remainder of this section, we show how to do this, using finite-differences, for a class of two-dimensional second-order problems. More general problems will be considered in a later report using Galerkin methods.
3.1. The Fully Discrete Scheme for u, = V a Vu -cu on a Rectangle. Let Í2 be a rectangle in the (x, y)-plane and consider the parabolic problem (3.23) u, = [a(x, y, t)ux]x + [aix, y, /)«"]" -c(x, y, t)u, ix, y) E û, t > 0, (3.24) uix, y, 0) = fxix, y), x, y E Û, (3.25) uix, y, t) = 0, ix, y) E dû, t à 0.
We assume a, c and / to be smooth functions with for discrete scalar products and norms of /-vectors. Let L(Ax) be the J X J matrix corresponding to the five-point difference analog of the negative Laplacian with the boundary conditions (3.28). Then, using (3.26) and summation by parts, we have Define P" to be the symmetric matrix obtained from Pn by replacing a(x, y, t) and c(x, y, /), respectively, by da/dt, dc/dt. From (3.32), we get (3.33) (PnWn, W) g a{LW\ W) + y \\W"\\¡.
Next, let f2(x, y) be the exact solution of (3.23M3.25) at time T. If we now differentiate with respect to time in (3.23), we get the auxiliary problem This is the problem to be discretized. Define the / X / matrix A\Ax) by (3.37) ¿"(Ax) = iPn)2 -P".
A little thought shows that ¿"(Ax) is an 0(Ax2) difference approximation at / = nAt to the spatial operator on the right of (3.34) together with the boundary conditions (3.36). Hence, the fully-discrete scheme for the auxiliary problem (3.34)-(3.36) is obtained by replacing zz,, in (3.34) by a centered second-difference quotient, while using (3.37) for the spatial operator. Using the natural ordering along lines / = constant, the fully discrete scheme can be written as Hence, using (3.31),
This proves (2.2) for ¿n(Ax) with a constant ß depending on ||a,||" and ||c,||.. Note that ß is positive if ||a(||co and 1 ¡ct||oe are sufficiently large. From Theorem 1, we see that this leads to a restriction on T. The reason for this restriction will be seen in the next section, where it will be eliminated by suitably transforming the original problem (3.23).
A discussion of methods for solving the difference equations (3.38) will appear in another report. In the case of one space dimension, one may use the block Gaussian elimination scheme discussed in the proof of Theorem 1. Other methods include SLOR, S2LOR, and in the case of time-independent coefficients, the matrix decomposition method of [2] . The latter method is the one used in the example of Section 5. where, for each /, Pit) is a positive selfadjoint operator arising from a coercive elliptic boundary-value problem, as is the case in Theorem 2 of Section 3. The backward problem associated with (4.1) is, given a function /2(x) in L\û), to find a solution of (4.1) which at time T > 0 takes on the value f2. As is well known, there cannot, in general, exist a solution, unless f2 meets certain smoothness requirements. On the other hand, if there is a solution, it is unique. For results on backward uniqueness, see [17] , [18] and [11] . In practice, one cannot measure f2 with sufficient precision to determine whether or not f2 meets the necessary requirements for existence. However, in a real problem, one will know that f2 is close, in the V norm, to a function ]2 for which a solution exists. Moreover, from physical considerations, one will know a bound on the solution at previous times. This bound need not be sharp. Hence, the following version of the backward problem makes sense. Given the positive constants 5, M, T, and given /2(x) in L2tû), find all solutions of (4.1) on [0, 7] which satisfy
This is the version of the problem that is considered in this paper. It is clear that if there is one solution to this problem, there are, in general, infinitely many. Our method will produce a mesh function which is an approximation to all of them simultaneously. Concerning the question of continuous dependence and error bounds in the above problem, the following results are known. First, assume F(/) in (4.1) to be independent of t. Let tz(/) be a solution of (4.1). Then (see [11, p. 183 (4.5) IKOII2 á i2M)(T-')/Ti2S)'/T, 0 ^ / g T.
In the case where F(/) in (4.1) depends on t, a less generous convexity result, due to Agmon and Nirenberg, is known. (See, e.g., [11, p. 182 ].) Specifically, there exist positive constants zzz and c so that if p. = p(t) is given by (4.6) p(t) = ieT -l)/(e" -1), then any smooth solution of (4.1) satisfies (4.7) ||«(/)||2 Í emle-mT/" ||h(0)|I,"""" ||«(r)||^, 0 g / g T.
Suppose for simplicity that one can take m = 0 in (4.7) and consider the resulting inequality at / = T/2. Using
we get, from (4.7), the following result for the difference e(/) of any two solutions satisfying (4.2), (4.3):
Suppose now that c and T are such that (4.10) e""n « §.
A comparison of (4.9) with (4.5) at / = T/2 suggests the following. In order to know the solution of the time-dependent problem with the same certainty as in the timeindependent case, one must, in general, know the corresponding terminal data with much greater accuracy. This seems plausible on the following grounds. Consider the simple parabolic problem If the diffusion coefficient a(x, /) in (4.11) is an increasing function of time, it is evident that the initial data fx(x) is smoothed out at a higher rate than is the case when da/dt ^ 0. Consequently, more precision in measurement is necessary at time T, in order to obtain the same amount of information as in the case when da/dt g 0. We have gone into the above discussion in order to set the stage for our method. We begin with the simpler case of P independent of /.
4.1. Selfadjoint Problems with Time-Independent Coefficients. Let F be a positive selfadjoint operator in L2(û) and let (4.14)
«, = -Pu, 0 < t < T.
Let /2(x) be the given approximation to the terminal data at time T. The idea behind our method is to solve the backward problem for (4.14) by considering the backward beam equation, associated with (4.14), Note that the unknown initial data for (4.14) has been replaced by zero in the auxiliary problem. Consider now the error committed by using the wrong initial data. In analyzing this question, we may as well make a direct attack on the difference scheme which will be used to solve the auxiliary problem. Moreover, it is convenient and sufficient to consider only the "method of lines" of Section 2. All statements below will also hold for the fully discrete scheme of Section 3, provided continuous L2 norms are replaced by discrete L2 norms and the truncation error 0(At2) is replaced by 0(A/2 + Ax2). Thus, we use the scheme (2.10), (2.11), with fx = 0 and g" = 0 to approximate (4.15), (4.16). Let «(ziAz) be the difference between the solution of the difference equations and any of the exact solutions of (4.14) satisyfing (4.2), (4.3). We see that ¡ t"} satisfies the difference equations (2.10), (2.11), with g" representing the truncation error, fx the initial data, and f2 the difference between the exact and approximate terminal data. Since P2 ^ 0, the estimate (2.22) is valid. Hence, using the given bounds (4.2), (4.3), we get, from (2.22), A little thought shows that the error bound (4.17) is not satisfactory. Indeed, the error due to using the wrong initial data decays linearly with time, while the solutions of (4.14) decay exponentially with increasing time. Thus, eventually, a time will be reached where the error is bigger than the solution itself. On the other hand, (4.17) would be a useful bound if somehow the solutions of (4.14) grew exponentially sufficiently fast, for then the error due to the wrong initial data would eventually be imperceptible. Thus, rather than deal with (4.14) directly, we set for the difference between wapp(/) and any of the exact solutions of the modified backward problem (4.19) . Let a(t) be the relative error in the L2 norm, that is,
If k is chosen properly in (4.18) and At is sufficiently small, ait) will be acceptably small on some interval 0 < /0 ^ / ^ T. In fact, if the terminal data is known with infinite precision, then, by choosing k sufficiently large and At sufficiently small, one can make <r(/) acceptably small on as large a subinterval of (0, T] as desired. Furthermore, since will be an equally good approximation to the solutions of the original backward problem for (4.14).
The fact that the terminal data /2(x) is only known to within 5 results in an optimal choice for k, as was observed by P. D. Lax. From It is interesting to note that, apart from the truncation error, the bound (4.28) is the same as that in (4.5), which followed from the basic convexity result in the timeindependent case. It is fair to warn the reader that the truncation error term 0(A/2) contains a factor (fc0)4 due to replacing vtt by a second-difference quotient. Hence, in practice, the contribution from truncation will be an appreciable part of the total error in this method. For the fully discrete scheme of Section 3, the truncation error term on the right of (4.28) becomes O[(zc0)4 A/2] + 0(Ax2); that is, the factor (k0)* does not affect the error due to discretizing the space variables. In practice, this means that one will often choose At much smaller than Ax in order to minimize the truncation error.
Selfadjoint Problems with Time-Dependent
Coefficients. The time-dependent case is more subtle. To develop the reader's insight, it is worthwhile to begin with the simple one-dimensional problem In Case 2, there is additional smoothing due to the growing dissipative term. In Case 3, the smoothing is much more severe due to the growing diffusion term. The qualitative difference between these three cases is borne out by the error bounds in our difference scheme. Let us write the initial-boundary problem ( As in Section 3, we use the notation Q0(t) to denote the formal differential operator in (4.37) without the boundary conditions. By g\(0. we mean, as usual, the formal differential operator obtained from Q0(t) by differentiating its coefficients with respect to /. Thus, if we differentiate (4.35) with respect to /, we obtain the backward beam equation In dealing with the backward problem for (4.35), it will be necessary, as before, to consider the modified auxiliary problem obtained by setting In Case 3, because of the growing diffusion coefficient, Q(t) is not semibounded from above in the L2 norm. In Cases 1 and 2, it follows from (4.45), (4.46) that, for any k, we have, in (4.43),
In Case 3, a little thought reveals that A(t) is semibounded from below, but the bound depends on k. This is not satisfactory for our purposes. We shall return to Case 3 later in this discussion. Consider now the backward problem in Case 1. Let f2(x) be the given approximation to the terminal data at time T for Eq. (4.35). By assumption, the solutions of (4.35) satisfy (4.2), (4.3). In (4.42) above, set k = k0 where k0 is defined in (4.27) and consider the auxiliary problem, for v, Use the difference scheme (2.10), (2.11) to solve (4.49), (4.50). Since A(t) satisfies (4.47), the estimate (2.22) is valid. Consequently, so is the estimate (4.28) applied to the present problem (4.35). Thus, Case 1 behaves like the time-independent problem (4.34).
In Case 2, more precise measurements are necessary at time T in order to obtain the same amount of information about the solution as in Case 1. Hence, it may be anticipated that the estimate (4.28) cannot hold. An indication of the trouble is provided by Theorem 1 of Section 2 where we see that Fis restricted by the requirement y1/2T < r and we lose uniqueness as 71/2F f zr. To eliminate this difficulty, consider the preliminary transformation Note that with k0 as in (4.27), we have We now solve the auxiliary problem We now remark that, in both Cases 1 and 2, the uncertainty is less than would have been predicted by the Agmon-Nirenberg convexity result (4.7). This is because the latter is of general validity. As a matter of fact, the error bound obtained via (4.7) is what our method yields for Case 3, the case of most severe smoothing of the initial data. To analyze Case 3, we will reduce it to Case 1 by stretching the time variable. This stretching transformation was shown to us by Joel Spruck.
In view of the transformation (4.51), it is sufficient to consider the case where We shall put / = <p(s) in (4.29). Let where s is a positive integer and where Q(t) is the operator corresponding to the spatial part of (4.82) and the boundary conditions (4.83). Moreover, the fully discrete scheme of Section 3 can be generalized to apply to (4.84) while preserving all the necessary inequalities. In practice, because of the resulting algebraic problem, one will seldom be able to compute problems in more than two space dimensions in general domains, and with time-dependent coefficients.
To complete the discussion of the time-dependent case, we now show how the preceding ideas can be generalized so as to apply to the abstract " F-parabolic" problems of Section 3. Because of the level of generality, the discussion will now have to be restricted to the semidiscrete "method of lines" of Section 2.
Let F be a closed subspace of the Sobolev space Hm(û) with the property that We assume a(t; u, v) to be strongly coercive on V, uniformly in /; this means that there exists a positive constant w, independent of /, such that where f2 is the given approximation to the terminal data. This leads to the estimate (4.28) as in the case of time-independent coefficients. In the strongly-smoothing case, we have
Applying the preliminary transformation (4.51) to (4.91), we may reduce the strongly smoothing case to the minimal case. With ¡c0 as in (4.56), this leads to the estimate (4.60). In the maximal-smoothing case, we first observe that the idea behind the stretching transformation (4.62) can be abstracted to the present problem. With co and a the constants in (4.88) and (4.98), define the function The particular initial data (5.3) was selected so as to generate a solution whose character changes with time. From (5.4), we see that, at / = 0, the second harmonic dominates the solution with an amplitude of about 105 times that of the first harmonic. At / = 10/3, the two amplitudes are equal, and thereafter the first harmonic dominates. At T = 5, the amplitude of the first harmonic is about 150 times that of the second. To illustrate our theory, we have computed this problem backwards in time, given the exact solution at T = 5. Thus, the only error in the terminal data is that due to round-off in the machine (see below). To get an idea of how long a time span is physically represented by choosing T = 5, we mention that in the numerical computation of forward parabolic problems via marching procedures, a "long time" is often taken to be about the half-life of the transient term [26] . In the above example, computing backwards from T = 5 to near / = 0 amounts to resurrecting the second harmonic after it has decayed by some eight or zzz'zze orders of magnitude ! This is because at the early times, the solution consists almost entirely of the second harmonic. Needless to say, such long time backward calculations are hardly possible in physical problems where the terminal data are obtained from measurements with low accuracy. The point of the experiment is to illustrate the possibility of going from the smooth to the less smooth. Following the development of Section 4.1, we are led to the auxiliary problem Here k is a positive number to be determined from (4.27). The computations were carried out in single-precision on a CDC 6600 at the Los Alamos Scientific Laboratories. Hence, /2(x) in (5.7) differs from (5.4) at / = 5 by an amount 5, where (5.8) S««"" X 10~uä; 10"20.
Using M fí¿ 1, we get fe0 = 9.2.
To approximate the spatial operator in (5.5) and the boundary conditions (5.6), we used the scheme of Section 3.1. In the present one-dimensional time-independent case, this reduces to the pentadiagonal / X / matrix (H -kl)2, where / is the identity and H is the / X / tridiagonal matrix (5.9) H = -{-1,2,-1}, Ax = yq-• Using the natural ordering along lines / = constant, the fully discrete scheme for (5.5)-(5.7) may be written as a block tridiagonal system of linear equations. The matrix of this system is precisely the matrix Q in (2.19) with the ¿n's replaced by (H -kl)2. We chose At = 1/50 and Ax = zr/40. The resulting system of order 9,711 was solved using the method of matrix decomposition described in [2] . Time of computation on the CDC 6600 was 4.5 seconds, even though the code incorporated provisions for inhomogeneous terms in (5.1)-(5.3). Equation (4.28) bounds the L2 norm of the absolute error. However, since the solutions of (5.1) decay exponentially, it is the relative error which is significant. In our example, one can estimate the quantity a(t) of (4.24) by using (4.28) and the known behavior of the solution (5.4). Making provision for truncation error and using M -1, 5 = 10"20, we conclude that a relative error of 10 percent or less should be attainable as far back as 90 percent of the way from F = 5. Clearly, in view of the fundamental uncertainty (4.17), one cannot expect good results further back in time.
Two computations of (5.5)-(5.7) were performed, one with k = k0 = 9.2 and the other with fe = 12. Only the computation with k = 12 is displayed. In Table 1 , the function a(f) of (4.24) is tabulated. We see that a is less than or equal to 10 percent as far as 94 percent of the way back from T = 5, and less than 3 percent as far as 89 percent of the way back. Since all our estimates are in terms of L2 norms, one may ask whether the pointwise structure of the solutions is actually being computed. Figure 1 displays the computed evolution backwards in time of the terminal data, together with the absolute error (E). The exact solution (5.4), can be obtained by adding the curve (E) to the curve (*). We have good agreement up to / = .3. At / = .02, the relative error is about 73 percent. It is interesting, but very likely fortuitous, that the qualitative behavior of the solution is still preserved at / = .02. 
